Introduction
Experimentally determined protein structures are often incomplete. They may come with absent fragments of their backbones or with missing atomic coordinates of the side groups. The specifics of the allatom coordinates are of importance in many applications and, in particular, in the determination of the contact map, which defines which pairs of amino acid (denoted as AAs for short) may bind non-covalently. In structure-based coarse-grained models [1] [2] [3] [4] [5] [6] [7] [8] , the contacts play a dynamical role instead of being merely descriptive. The prediction of the positions of the side groups is a subject of many refinement methods [9] [10] [11] [12] . Sometimes, however, these methods are not sufficient, because seemingly subtle adjustments in the orientation of the predicted side chain may give rise to different sets of the native contacts. Thus the determination of the contacts should also be taken into account in the refinement process.
Here, we propose a method to address this problem through a statistics-based determination of the optimal native contact map. The determination of the native contact map in regions involving the defective AAs may restrict the rotamer search in the refinement procedure applied to AAs in such contacts. Singlelength cutoff-based criteria for what makes a native contact are too simple to provide an adequate account of the dynamics [13] , because they introduce many spurious interactions at short lengths and fail to include many important couplings at longer lengths.
Another way to construct a contact map-and one which is much more relevant for the dynamics-is by studying overlaps of spheres associated with the heavy atoms of AAs. The sizes of such spheres are given by the van der Waals radii [14] multiplied by a factor of 1.24 to account for attraction [15, 16] -they identify inflection points in an associated van der Waals potential (see table 1 in the supplementary information (stacks.iop.org/pb/12/046002/mmedia)).
These enlarged spheres will be referred to as effective van der Waals spheres. Two AAs are said to be in a native contact if they have at least one overlapping pair of the effective spheres associated with the heavy atoms belonging to the two AAs. We have checked (see section 4) that this van der Waals-based criterion captures most of the specific (i.e., non-dispersive) contacts that can be obtained from the CSU server [17] , which involves considerations that are more chemical in nature. In particular, the CSU approach involves checking whether one can place a molecule of water between the pair of AAs under study.
If the coordinates of the heavy atoms beyond β-C are missing, one may ask: what is the most likely radius, β R C , of an effective sphere that can be associated with the β-C of the corresponding AA to identify the native contacts correctly? Notice that the contacts may arise both from the side chain and from the backbone. One may disregard the distinction and ask a simpler question: what is the most likely radius, α R C , of an effective sphere that can be associated with the α-C to get the right set of the native contacts? We answer these two questions by considering 11 330 fully resolved proteins that represent the CATH database [24] . Once the values of α R C and β R C are determined, we use them to establish contacts with the defective AAs. Finally, we perform refinement within these contacts while keeping their environments frozen.
In this paper, we illustrate applications of the statistical method by considering a type I cohesin domain with the Protein Data Bank (PDB) structure code 1AOH [18] . This protein is one of the particularly stable modules found in the Clostridium thermocellum cellulosome [19] [20] [21] . Its large mechanical stability has been demonstrated by Valbuena et al [22] through single-molecule force spectroscopy. The sequential length of the chains in 1AOH is 147. The resolved structure of chain A of 1AOH has no α-C atoms in the first four AAs (at the N-terminus) and no coordinates of the side-chain atoms beyond β-C in nine AAs: 9-LYS, 16-LYS, 47-ASN, 50-GLU, 53-GLU, 77-ARG, 110-SER, and 136-LYS, 138-GLN. In the sequentially identical chain B, no α-Cs are missing, but there are still nine defective side groups whose list partially overlaps that for chain A.
Here, we reconstruct locations of the missing atoms in 1AOH by employing the statistical method, combined with the usage of standard software tools, to design the side group conformation to an accuracy that is sufficient for molecular dynamics studies within coarse-grained models. The tools involved are MODELLER [9] , which constructs a viable side group, and the sculpting tool from the Pymol software [23] to adjust the orientation of the side group to obtain consistency with the presence of the expected contacts. We show that the procedure is essentially unique for eight missing residues in 1AOH. However, the ninth one, 9-LYS, may adopt one of two alternative orientations, and additional criteria are needed to make the choice. We settle the issue by comparing chain A to chain B and through small-scale molecular dynamics simulations. The simulations would be needed if there ware no chain for comparison.
The α R C derived here can be valuable in molecular dynamics studies of proteins within coarse-grained structure-based models: they can be used to identify non-native contacts that may arise during time evolution of structure-based models.
The statistical method
In order to determine α R s C and β R s C , we derive probability distributions of contacts arising at a distance of l ij between two α-C atoms i and j, provided at least one of the AAs is of a given type, say, arginine. The distributions are obtained by using the set of 11 330 PDB complete structures. Figure 1 gives examples of such distributions for arginine and lysine (results for other AAs are presented in the SI). These are the histograms which are drawn by heavy solid lines and are denoted by the label 'full'. They are non-Gaussian, as they come with a substantial tail at large values of l ij . In order to determine β R C we remove the coordinates of the heavy atoms beyond β-C in all AAs of a given type in the set (say, VAL). Similarly, for calculation of α R C , we remove all side chains of the studied type of AA. This step necessarily depletes the numbers of detected contacts, as shown in the top two panels of figure 1 in the context of β R C (the parts that are shaded). We now represent the missing atoms on all crippled AAs by spheres of the tentative radius β r C and centered at the β-C atoms or by spheres of the tentative radius α r C and centered at the α-C atoms. We check for overlaps of the spheres with the effective van der Waals spheres on the remaining types of residues (or with another tentative sphere if the contact is within the same kind of residue). We keep adjusting β r C or α r C until the corresponding distribution of contacts matches the original distribution as closely as possible. The optimal situation for any target AA is identified by minimizing (1) deals with the distributions of the numbers of contacts and not the normalized probability distributions, because each choice of β r C or α r C comes with a different total number of contacts. The goal here is to optimize not only the shape of the distribution but also the similarity in the actual number of contacts. In principle, the function S 2 defined in equation (1) depends on the bin widththe basic value used here is 0.5 Å. However, reducing the width by a factor of 2 is found not to affect the radii listed in table 1. Doubling the width has only a 1% effect. If one modifies the definition of S so that it involves | − ′ | n n m m , then the results change within 2%, which may be considered as providing the error bars on the results.
We now consider 1AOH. Chain A turns out to be more interesting to focus on, as there are somewhat different results, depending on whether one adds the structure in the missing 1-4 segment or not. We begin by adding the segment. This can be accomplished by taking it from chain B and attaching it to the original A by translation and small adjustments implemented through the use of MODELLER. There are no defects in this segment. We then replace the α-Cs on the defective residues (i.e., with the missing side chains) by spheres with the radii listed in table 1 and check for overlaps with all other AAs. In this way, we identify the contacts which are very likely to be missing. These are: 5-ALA-138-GLN, 9-LYS-42-TYR, 9-LYS-141-ASP, 44-TYR-50-GLU, and 46-PRO-50-GLU.
In order to obtain the actual structures of the defective side chains we have used MODELLER [9] and then the Pymol sculpting tool [23] to construct the tentative side chains and then guide them toward positions that would be consistent with the predicted contact map. The idea is to sculpt the side chains so that the contacts that are likely to arise are actually built in. At this stage, we use the overlap criterion with the effective van der Waals spheres representing all heavy atoms. It is straightforward to set the corresponding rotamers in a unique way to generate these contacts, except for 9-LYS, for which there are two possibilities: either the side group points into the body of the protein or away from it. The two orientations are illustrated in figure 2 and are denoted as IN and OUT, respectively. The reconstruction corresponding to choice IN required making slight adjustments in the positioning of the α-C and β-C atoms. No such adjustments turned out to be needed for choice OUT and for the other eight defective AAs, except for β-C at 50-GLU. The resulting refined structures are shown in tables 2 and 3. The coordinates of other atoms are listed in the PDB file for 1AOH.
When we repeat the procedure using β-C, we replace the β-Cs on the defective residues by spheres with the radii listed in table 1 but also assign the effective van der Waals spheres to the backbone atoms: N, α-C, C, and O. Checking for overlaps with all other AAs leads to the identification of just one missing contact: 5-ALA-138-GLN. Enlargement of β R C by 10% (to account for the tails in the in the distributions of the effective radii) brings in the mechanically important 9-LYS-141-ASP contact. One can do proper refinement with these two contacts, but, clearly, the method based on the α-C atoms appears to be much Table 2 . The coordinates (x, y, and z) of the heavy atoms in the native state of 9-LYS in 1AOH. The subscript N refers to the native coordinates as available in the file. The subscripts IN and OUT refer to the two rotamers discussed. OUT is considered to be the most likely solution. The values highlighted in boldface are either those predicted through the statistical method combined with sculpting or those that needed small adjustments. Table 3 . Similar to table 2 but for the remaining eight defective residues. In the case of 50-GLU, the original position of β-C is x = 40.986, y = 42.661, and z = 41.841. more effective than the one with the β-C atoms. This is despite the fact that coordinates of the backbone heavy atoms and of the β-C atoms are provided by the PDB structure file. Furthermore, consideration of β-C does not resolve the ambiguity about the IN-and OUTsolutions for 9-LYS. Both orientations IN and OUT come with the 9-LYS-141-ASP contact, which turns out to be crucial for the emergence of large mechanostability, but the IN choice generates three additional contacts, which affects the mechanostability further. In chain B the structure of 9-LYS happens to be set, and it is in the OUT state, so the OUT choice for chain A should be correct. Table 4 lists the derived additional contacts for chain A of protein 1AOH. Six of them have been obtained through the statistical method. Three contacts would exist only in the IN state, and they come as a result of refinement. The nature of the contacts is established by using the CSU server.
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Tests of the optimality of the refined side chains
For 9-LYS we have found two solutions. Now, we demonstrate that orientation OUT is favored by consideration of energies calculated within an allatom model. Our molecular dynamics simulations were conducted by using version 2.9 of the NAMD simulation package [26] with the CHARMM22 force field [27, 28] for conformations IN and OUT as the starting states. Our simulations were conducted in a water box of size 85 Å in length, 80 Å in width, and 81 Å in height. It contained more than 50 000 TIP3P molecules of water [29] . The system was made charge neutral with the use of eight Na + ions. The total number of atoms in the system was 52 274 and 52 259 for conformations IN and OUT, respectively. The periodic boundary conditions were employed.
The first stage of the simulations involves energy minimization of the system for 100 000 conjugate gradient steps of 1 fs each. The second stage implemented heating of the system up to the temperature of 310 K.
The heating process was done in three steps of 0.5 ns each. The first of them was done at temperature 110 K in the NVT ensemble. The second was done in the same ensemble but at 210 K. The last equilibration step was conducted in the NPT ensemble at 310 K. Each new stage used the coordinates and velocities of the atoms obtained from the previous stage. The temperature was controlled by the standard Langevin algorithm and the pressure by the Langevin piston pressure control algorithm.
When the system is prepared in the OUT state (from the very beginning of the procedure) it persists in it for at least 0.5 ns. On the other hand, when it is prepared in the IN state, it stays there for about 0.2 ns, and then it converts to the OUT state, which confirms the preference for the OUT structure. The same conclusion is reach through the consideration of energy as monitored during the 0.2 ns during which the system remains in the state it was prepared in. Specifically, we monitored the conformational potential energy (E conf ) of the system and the root mean square fluctuations (rmsf) in the positions of the side-chain atoms. We used the MDenergy plugin from the VMD package [30] for this purpose. The conformational energy is a sum of E b and E nb , where the former is a collection of the bonded terms (i.e., bonds, angles, dihedrals, and improper dihedrals) and the latter of the non-bonded either electrostatic or van der Waals terms. Table 5 lists the average values of these energies, and it also provides the energy of the interactions of the protein with water, E pw . It is observed that 9 LYS OUT leads to a lower conformational energy than 9 LYS IN and also to lower binding with water, even though 9-LYS OUT is more exposed. We also find that the RMSF values for 9-LYS are higher in the OUT state than in the IN state -movements in the OUT state are less restricted.
It is interesting to observe that the energy balance changes when the 1-4 segment is not included and the 4-ASP-136-LYS disappears. The IN state is now not observed to be unstable, and it actually comes with a lower conformational energy than the OUT state (table 5) .
We now assess the impact of the corrections in the structure file on mechanostability. When one stretches Table 4 . Additional contacts created in the refined structure of chain A through the statistical method. The 4-ASP-136-LYS contact is not listed, as it comes from the overlap with the backbone part of 136-LYS. It is hydrophilic-hydrophilic. The superscripts IN denote contacts which appear only for the IN conformation of 9-LYS. The remaining 9-LYS-141-ASP is common for the IN and OUT conformations. However, it is specific only in the OUT state. cohesin corresponding to 1AOH experimentally, one obtains a characteristic force for mechanical unravelling, F max , which is close to 480 ± 14 pN at the constant pulling velocity, v p , of 400 nm s −1 [22] . Previously, we have stretched 1AOH within a structure-based coarsegrained model [8, 22, 25] constructed by fixing the structure file by introducing a 7.5 Å cutoff in l ij s if at least one of the AA involved had missing side chains. This procedure has resulted in the introduction of several tens of extra contacts. In [22] , we did not include the first four missing residues-we took the structure file of chain A as it was. The model incorporated an overdamped molecular dynamics involving only the α-C atoms. The stretching simulations for the reconstructed structures have been accomplished at several values of v p . By extrapolating to the experimental speed, F max has turned out to be equal to about 3.7 ϵ/Å, where ϵ is the energy parameter-it is the depth of the potential well associated with a native contact. By using the calibration of ϵ/Å being approximately equal to 110 pN [25] , the theoretical extrapolated result is 410 pN. At v p of 0.005 Å/τ ∼ 500 000 nm s −1 it is 4.2 ± 0.2 ϵ/Å, i.e., about 460 pN. The error bars are determined based on 100 trajectories. We now repeat these simulations for the case with the reconstructed side chains and when the 1-4 residues are included and, therefore, with one of the mechanically important contacts 4-ASP-136-LYS. The simulations were performed by using a stochastic dynamics in order to mimic random kicks by molecules of the implicit solvent. The dynamics of the individual α-Cs was governed by a Langevin equation:
, where F c is the total force on an atom due to molecular potentials and Γ is a Gaussian noise term with dispersion γk T 2 B (k B is the Boltzmann constant). The friction coefficient γ is taken to be equal to τ m 2 , where τ is the characteristic time scale in the model. It is expected to be of order 1 ns, as it is associated with the diffusive (instead of ballistic) coverage of molecular distances. The molecular potentials involve [8] the native contacts of the Lennard-Jones form, repulsive non-native contacts, and the local backbone stiffness represented by a chirality potential [7] that effectively takes into account the dihedral terms. The equation of motion is solved by a fifth-order predictor-corrector scheme. In the stretching simulation, the native contacts are considered to be broken only if the distance r ij between AAs i and j involved in the process is larger than 1.5σ ij (close to the inflection point of the Lennard-Jones potential) for the last time.
The inset of figure 3 shows typical force-displacement ( − Figure 4 compares the contact maps in the fully fixed native structure of 1AOH (orientation OUT) obtained by using the overlap criterion (denoted as OV) to that derived through the CSU approach. The overlapbased method introduces 382 contacts, including those derived by the statistical method, and the CSU procedure adds 25 specific contacts. In the CSU approach, the contacts are considered specific if they correspond to the hydrogen bonds, hydrophobic couplings, and stacking interactions. The ionic bridges count as non-specific, but they are typically captured by the OV-based approach (which is not concerned with the sizes of the water molecules). The CSU method gives rise to 270 specific contacts. Of these, 5-ALA-138-GLN, 9-LYS-42-TYR, and 9-LYS-141-ASP are predicted by our statistical method, whereas 44-TYR-50-GLU and 46-PRO-50-GLU are absent. The overlap criterion adds 20 contacts to those found through CSU. Overall, both contact maps look broadly similar. We think that molecular dynamics simulations within the structure-based coarse-grained models should employ either the overlap contact map combined with the extra specific CSU contacts or the CSU maps with the extra contacts obtained through overlap. The contacts responsible for the large mechanostability are marked off by the dotted rectangle in figure 4 . It is interesting to ask what kind of contact map arises as a result of replacing all AAs, not only the defective ones, by the spheres of radius α R C . Figure 5 shows such a map-it is denoted as CA. It is seen that it captures the pattern of the overlap-based contact map of figure 4, but it has 43 more contacts. This constitutes about 11% of the contacts generated through the overlaps of the effective van der Waals spheres associated with the heavy atoms of the repaired structure. The CA map comprises 425 contacts, out of which 119 are not in the original OV map, and 76 of the underlying OV map are missing in the CA map.
Properties of the contact mapcomparisons to CSU

Conclusions
We have shown that considerations of contact-making in a protein can influence the refinement process in a meaningful and constructive way. Any arising ambiguities coming from the existence of possible but less optimal solutions can be resolved by performing small-scale, all-atom molecular dynamics simulations. For chain A of the cohesin domain of type I discussed here, this procedure yields results that are consistent with the structure of chain B (for which the repaired contact map turns out to be almost the same as the repaired contact map for chain A) and also compatible with the experimental results on mechanostability.
We have focused on one procedure that defines the contacts and found that the overlaps of spheres associated with the α-C atoms placed on the defective atoms work better than those associated with the β-C atoms.
The modifications in the contact map CA relative to OV are substantial and lead to a 19% increase in F max : from 4.20 ϵ ± 0.15 /Å to 5.00 ϵ ± 0.17 /Å. We observe that for each of the two contact maps, and between the maps, all − F d patterns look similar, indicating the presence of just one pathway. A sample of 25 trajectories is shown in figure 6 in the SI. Despite the difference in F max , it appears that using the α-Ccentered spheres may still be a sensible strategy to apply in situations where structural information is missing. One example is multi-protein complexes, such as cellulosomes, where only some substructures are resolved and interactions between them are unknown. Another is large conformational changes, arising either during stretching or folding, which generate non-native attractive contacts as a result of time evolution.
It would be interesting to generalize our statistical method to other definitions of contacts, such as those based on the CSU approach or on introducing a length cutoff. The overlap-based method used here is a compromise between the simplicity of use and the possibility of accounting for the physical differences between the AAs.
It should be noted that, generally, the absence of AA fragments in crystallographical structures may indicate experimental difficulties or the presence of segments with no unique stable conformations, such as disordered loops and flexible linkers. 1AOH is an example of the former, as evidenced by making comparisons between chains A and B. However, our method can also find applications of the latter, as it can pin down possible fixed choices while leaving the contactless regions free to move.
